In this paper, an observer-based adaptive feedback controller is developed for a class of chaotic systems. This controller does not need the availability of state variables. It can be used for tracking a smooth orbit that can be a limit cycle or a chaotic orbit of another system. This adaptive feedback controller is constructed with the aid of its H ∞ control technique to achieve the H ∞ tracking performance. Based on Lyapunov stability theorem, the proposed adaptive feedback control system can guarantee the stability of whole closed-loop system and obtain good tracking performance as well. To demonstrate the efficiency of the proposed scheme, two wellknown chaotic systems, namely Chua's circuit and Lur'e system are considered as illustrative examples.
Introduction
Identification, synchronization, and control of chaotic dynamic systems have recently attracted increasing attention from engineering, physics, mathematics and biomedical communities [Chen, 1999] . Some existing successful methods and techniques have been reviewed in [Chen et al., 1998; Abed et al., 1995; Ogorzalek, 1993] .
To control chaotic systems to fixed point or to limit cycle, many controllers were proposed, in [Yang et al., 2002; Hwang et al., 1997; Hwang et al., 1999] . A sliding mode feedback controller in order to control Lorenz chaos in the presence of parameters uncertainties has been developed in [Yang et al., 2002] . Hwang et al. proposed [1997 Hwang et al. proposed [ , 1999 , a linear and a nonlinear controller, respectively, to construct a stable equilibrium manifold so that any point on it will be tractable.
To achieve tracking of a reference signal, an adaptive synchronization and control approach has been suggested in [Bernardo, 1996; John et al., 1994; Chen et al., 2002; Wang et al., 2001; Feki, 2003] . John and Amritkar [1994] showed that feedback synchronization could be achieved using only a few state variable feedback. Bernardo [1996] proposed an adaptive estimation of the nonlinearity bound to avoid very high gain controller. In [Chen et al., 2002; Wang et al., 2001] , the authors considered chaotic systems with some unknown parameters, and designed adaptive controllers that lead to parameter estimation and state variable synchronization. Also, a simple adaptive feedback controller for linearizable chaotic systems has been developed by Feki [2003] . His idea consists in tuning the gain vector of a linear or PID controller during the control procedure. This controller may be used for chaos control as well as chaotic system synchronization.
Generally, the adaptive controller approaches in [Bernardo, 1996; John et al., 1994; Feki, 2003] , show good performance. However, such approaches are based on the assumption that the state variables of the systems are available for feedback. As pointed out in [Chen et al., 2000] , for most nonlinear systems, the state variables are often unavailable in practice. The above requirement may be too restrictive or does not hold since frequently only an input-output model is available from online observation. In this situation, observer-based adaptive controllers are more appealing. Solak et al. [2001] proposed a linearzing controller for a class of chaotic systems, therein an observer has been used to estimate the unmeasured states.
The goal of this paper is to present an observerbased adaptive feedback controller for a class of SISO uncertain nonlinear systems that can be chaotic or nonchaotic. But, sole systems with a chaotic behavior are addressed here. Our idea consists in tuning the gain vector of a linear controller during the control procedure. Our approach does not need the availability of the state variables, but designs the state observer to estimate them. The Lyapunov stability theorem is used to derive controller parameters to update laws, which ensure the stability of the closed-loop system and plant output to achieve the H ∞ tracking performance.
The paper is organized as follows. First, the problem is formulated in Sec. 2. The observer-based adaptive feedback controller and stability are proposed in Sec. 3. Next, in Sec. 4 we illustrate the results presented using a Lur'e system and Chua's circuit. Finally, conclusion remarks are presented in Sec. 5.
Problem Formulation
Consider a class of the following SISO nth-order nonlinear system of the form:
where f is an unknown nonlinear function, b is a positive known constant, x = (x,ẋ, . . . , x (n−1) ) ∈ R n is the state vector of the system, u ∈ R and y ∈ R are the input and output of the system, respectively. Rewriting (1) in the following form:
where
Let y m be a bounded reference signal, e = y m − y the output tracking error, andx the estimate of x. Denote
Suppose the state variable x is known, i.e. it is available for feedback control. Then according to the work in [Feki, 2003] , the following adaptive feedback controller is suggested:
with the update law for the parameterṡ
whereK (0) is a Hurwitz vector and γ > 0 is a positive constant. P = P T > 0 is the solution of:
and K c is a Hurwitz vector. It is proved in [Feki, 2003] that the closed-loop system is stable with adaptive feedback controller (3) and the parameter update law (4).
It is noted that Eqs. (3)- (4) contain implicitly the variable state vector x, so if x is unknown, then controller (3), update laws (4) cannot be used to control the nonlinear system (1). In this situation, we must first design a state observer and obtain the state estimationx.
Observer-Based Adaptive Feedback Controller
The observer-based adaptive feedback controller and its stability are discussed in this section.
The adaptive feedback control law (3) proposed previously can be modified as follows:
where u ∞ is a H ∞ robust control term, which is used to compensate for the approximation errors. u ∞ will be designed later.
Substituting (5) into (2), after some manipulation, we have
or, equivalentlẏ
. Design the error observer as followṡ
Define the observation errorẽ = e −ê and subtracting (8) from (7), yieldṡ
Define the approximation errors w that can be considered like a disturbance, as follows:
where K * is the optimal parameter vector. From (10), (9) can be rewritten aṡ
whereK = K * −K is the parameter error vector. The output error dynamics of (11) can be given asẽ
where 
whereê
L(s) is chosen so that L −1 (s) is a proper stable transfer function and H(s)L(s) is a proper strictlypositive-real (SPR) transfer function. Let
The state-space realization of (13) can be written aṡ
wherẽ
Assume that P is positive definite solution of the following matrix equations:
Note that Q is symmetric and positive definite. Sinceẽ T PB s = C T sẽ =ẽ, whileẽ = e −ê =ŷ − y is measurable, design u ∞ and the parameter update law as
where r is a positive scalar value satisfying r = 2ρ 2 . In the following theorem, we summarize the main result of the observer-based adaptive feedback controller.
Theorem. Consider the nonlinear system (1) where only the first component of the state vector x is available for measurement. For a prescribed attenuation ρ, if the adaptive feedback control law is selected according to (5) and (16)- (17), then the whole control scheme guarantees the global stability and the robustness of the closed-loop system, and achieves the following H ∞ criterion:
where Q is weighting matrix in the Riccati equation, which is symmetric and positive definite and λ min (Q) is the minimal eigenvalue of Q.
Proof. Since A s is a stable matrix, we can associate it to it a Riccati equation in the form
Consider the Lyapunov-like function candidate
The time derivative of L along the error trajectory (14) isL
The substitution of (14) in (21) leads tȯ
Applying (16) and (17) to (22) yieldṡ
Since the Hurwitz matrix A s is SPR then P exists for matrix equation (15). Letting r = 2ρ 2 , we obtaiṅ
ThenL
Now, integrating the above inequality from t = 0 to T yields
Since L(T ) ≥ 0, we obtain the following H ∞ criterion 1 2
The knowledge that Q is a positive definite matrix and the fact that λ min (Q)ẽ Tẽ ≤ẽ T Qẽ imply
Using the Barbalat's lemma, we can see that the tracking error convergences to zero in a finite time despite the disturbance.
Illustrative Examples
In this paper two examples are used to verify the performance of the proposed controller, one is a Lur'e system and the other is a Chua's circuit.
Lur'e system
Consider the Lur'e system with an additive controller described by [Feki, 2003 ]:
This system is already in the form of (1), therefore the observer-based adaptive feedback controller can be constructed without any knowledge of the system model, i.e. f (x), and of the state variables x 2 and x 3 , that represent a substantial advantage in the application purposes. System (29) shows a chaotic behavior for k = 1.5 and has a limit cycle with k = 1.8. The controlled system will have k = 1.5 and the output signal is y = x = x 1 . The reference signal y m is generated using system (29) with u = 0 and k = 1.8. An observerbased adaptive feedback controller is designed to control the chaotic system to the reference limit cycle.
Given the positive matrix Q = diag[2, 2, 2], feed-back and observer gain vector are chosen as [27, 27, 9] and 216, 108, 18] , solving the matrix equation (15) 8, 12, 9] . γ = 9000.
The observer was applied at time t = 0 s and the controller at t = 300 s. Figures 1-4 show the results of observer-based adaptive feedback controller with the prescribed attenuation level ρ = 0.01. From Figs. 1 and 2 we can see, after the application of the control, that the errors tracking e 1 (e 2 , e 3 ) and state estimation errorsê 1 (ê 2 ,ê 3 ) converge to zero after a few seconds. Figure 3 shows x 1 and x 2 in phase space before and after control with the transient period being eliminated. From the below simulation, it is found that the controller tends to zero in a few seconds. This means that the controlled system tends to the original autonomous system while the trajectory is kept on unstable orbit. Therefore, the chaotic system (k = 15) was stabilized on an unstable orbit by the action of an additive controller.
Chua's circuit
Chua's circuit is a typical chaotic system that has been thoroughly studied [Kennedy, 1992; Madan, 1993; Hwang et al., 1997; Bernardo, 1996] . A voltage source V L (controller) is added in series with the inductor. The circuit model in dimensionless form is as follows [Feki, 2003 ]:
The state variables x 1 and x 2 represent the voltages across the two capacitors, x 3 is the current through the inductor and u = βV L , [Feki, 2003] .
In order to have a chaotic behavior, the values of the system parameters (α, β, a 0 , b 0 ) are chosen to be (10, 18.6, −61/44, −3/4). x 1 being chosen as the output signal, the relative degree of (30) is r = 3. Applying state transformation, we can easily show that b = α. An observer-based adaptive feedback controller was designed to force the output y = x 1 to track another chaotic signal y m of an identical autonomous (u = 0) Chua's circuit.
Given The observer was applied at time t = 0s and the controller at t = 10s. Figures 5-7 show the results of observer-based adaptive feedback controller with the prescribed attenuation level ρ = 0.05. It is clear from Fig. 5 , when the control is started not only the tracking of the reference but synchronization of all the state variables is achieved. From Fig. 6 we can see that state estimation errorsê 1 (ê 2 ,ê 3 ) converge to zero in a few seconds, after the application of the control.
Conclusion
In this paper, we have proposed an observer-based adaptive feedback controller to control chaotic systems. This controller may be used for chaos control as well as chaotic system synchronization. In designing this controller, no knowledge on nonlinearities of the system is required. A state observer is introduced to overcome the problem of state vector unavailability. Combined with H ∞ control technique, the observer-based adaptive feedback controller can guarantee the stability and maintain the desired H ∞ tracking performance.
